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Liquid-metal flows in curiant collectors for homopolar machines:
Fully developed soluticiis for the primary azimuthal velocity

Gita Talimage and John S. Wak2s
Department of Theoreticol and Applicd Mochnics, University of Hlinvis. Urbana, Nlinoic 6180)

Hamuel H. Brown and Neal A, Sondergaard
il Tayloe Research Center, Bethisda, Maryland 23304-3000
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Liquid metals in the small radial gaps between the rot.ars and stators of homopolar machines
represent lowsresistance clectric current collectors. Derign predictions for these liquid-metal
current collectors require a thorough knowledge of liguJ-metal flaws in a narrow gap between
a fixed and a moving surface, with a strong applied magr-ctic fickd and a free surface beyond
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cach end of the gap. The radial and axial velocities in the secondary flow are reduced by a
strong axial or radial magnetic ficld. For a suficiently strong wia, the azimuthal momentum
transport by the seeondary flow can be negleeted, This assump: ion «dutes the problem for the
primary azimutaal velocity to a fully developed magnetohydrodynamec duct fow preblem
with z moving wall and two free surfaces. Asymptotic solutions for 13, $lertriann numbers
ure presented for skewed magnetic fizids with both radial and anal compovciis, Covleca?s
without uny clectrical insulation or with insulation on the stator sides, or rotor siies, ov both
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are considered. Solutions for a putely axial magnetic fiekd and arbitrary Hartmann numbers

ure also presented.

1. INTROOUCTION

In a homopolur gencrator, the rotation of clectrically
conducting disks in a strong, axial magnetic fickd produces a
large de electric current. This current can be used to drive a
homopolar mator which has a different applied axial mag-
netic ficld strength, a different number of disks, and a differ-
ent disk radius. This motor-generator combination provides
a highly efficient and extremely fAexible method of speed
reduction, along with ather advantages such as maximum
torgue at zero motor speed. I homopolar devices can be
perfected, they will have a number of important applica-
tons.'

The de clectne current, with a typical current density of
10" AZm’, must flow between the tip of each rofating disk
(rotor) and a static current collector (stator) with a mini-
mum voltage drop. State of the art solid brush-slip ring sys-
tems,” such us silver graphite brushes on a copper slip ring
with ua protective humidified carbon dioxide stmosphere,
tymcally have contact resistances in the range of 200-600
ASY at current densities un o 6=7 = 10* A/m?, For larger
current densities, the Joulean heating at the interface causes
excessive wear, Furthermore, because of the required cool-
ing and mechanical loadings on the brush, it is difficult to
achieve packing densities of the brush on the skp ring of
greater thun 509%-605%. On the other hand, liquid metals, in
addition to providing uniform slip ring coverage and essen-
tially wear-free operation, have contact resistances of 1.4 uf}
at 7x 10" A/m*. Furthermore, liquid-metal current collec-
tors have been experimentally demonstrated to run for ex-
lcndfd periods at an order of magnitude larger current den-
sity.

Liquid-metal current collector design predictions re-
quire a thorough understanding of the liquid-metal flow in a
narrow gap between a moving perfect conductor and a static
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perfect conducior in the presence of a strong magnetic field
and with a free surfisce beyond cach end of the gap. One
objective is to predict the voltage difference between the sta-
tor and rotor for a given clectric current between them. A
second objective is to predict and minimize the viscous dissi-
pation and Joulean power losses in the liquid metal. A third
objective is to insure that the liquid metal stays in the radial
gap at all operating speeds. In present prototypes, an insta-
bility occury at some eritical rotation rate and leads to ejec-
tion of the liquid metal from the gap. This cjection appears to
involve a Kelvin-Helmholtz instability at the free surface
due 10 the difference between the primary azimuthal veloc-
ities in the liquid metal and cover gas.* The axial gaps be-
tween the sides of the rotor and confining radial walls are
filled with an incrt cover gas from the shaft to the liquid-
metal free surface near the rotor tip. Accurate predictions of
azimuthal velocities in the liquid metal under various oper-
ating conditions are needed to develop stable designs.

A typical value of the magnetic Reynolds number
R,, = p,oUL is 0.027. Here, p, = 4710 7 H/m is the
magnetic permeability, o = 2,38 X 10" S/m is the clectrical
conductivity of a liquid sodium-potassium eutectic mixture
at 311 K, U= R =90 m/sec is the rotor tip velocity,
L = 107" m is the radial gap between the rotor tip and the
stator, {1 = JOO0 rad/sec is the angular velocity, and R = 0.3
m is the rotor radius. Therefore, we neglect the magnetic
field produced by the electric currents in the liquid metal,
The magnetic field in the liquid-metal region consists of the
radial and axial magnetic fie\d components, which are pro-
duced by superconducting coils around the shaft, and the
azimuthal magnetic field component, which is produced by
the clectric currents in the solid conductors. The magnetic
field varies spatially over distances which are comparable to
R. Since L =3.3X10~*R and a typical axial dimension of
the liquid-metal region is 26L = 8.7X 10~ >R, we neglect the

© 1989 American lnstitute of Physics 1268
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variations of the magnetic Ackd components in the small lige
vid-metal region.

The assumption that L € R abv) means that vanations of
the radial eoordinate are ncgligible, o that we can uw the
Cartesinn cocrdinate symem shown in Fig 1. The ongin isat
the center of the tator, the 2 ua is paraliel o the shalt
center line, the ) anis points rachally inward toward the cen-
ter line, and the X axis is i the azimuthal directon. The
coordinates and lengths are normalized by the radial gap
length L. so that 254 18 the axial length of the rotor tip, and
each axial gap has a kength of oL, We uxc the typical values
b= 10 and g - ), o that the anial dimension of the liguid-
metal region 18 26/.. Here, - A, und B represent the radal
and axial components of the magnets fickl, repectively,
while @is the angle between their resuliant and the panis and
B,= (B & B)'7. We nzed only convder the range
08 9" because swatching the sgn of 8, simply reflects the
solution about the z = 0 plane, while switching the signs of
both 8, and B, siinply changes the signs of certiin variables.

I the shaft is horizomal, then gravity produces 4 devi-
ation from un uxisymmetrie freessurface geometry and solu.
tions. A simple application of lubrication theory indicates
that a dimensionless pursmeter that reflects the relative devi-
ation from an axisymmetric solution is

G= pga"L =/[l v,
wherep - K67 kg/m'und e - 6.5 10 ' kg/m seeure the
density and viscosity of the hyuid metal, winleg — 9.X1 m/
sec’, A typicul value for G is 0.013, Therefore, we negheet
gravitutional effects and treat only axisymmctric flows in
which all variables are independent of x. While gravity pro-
duces only 1 small perturbation of the axisymmetric flow,
this small perturbation may play a key role in determining
the ejection point in the Kelvin-Helmholtz instability. In a
future paper, we will present a perturbation solution for
gravitational effects for G < L.

While the primary azimuthal velocity u is always com-
parable to the rotor tip velocity U = (1R, a strong magnetic
field suppresses the secondary flow involving the radial and
axial velocities — vand w, respectively.® A bulunce between
the radial centrifugal force due to the azimuthal velocity and
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the electromagnetic body force opposing the secondary flow
gives u characteristic velocity for the radial and axial veloc-
ithes, namely

U. ~ pBR/uB}.
‘The ratio of the characteristic electromagnetic body force
that acts on the primary flow, of}RB 2, 10 the characteristic
iransport of azimuthal momentum by the secondary flow,

o an) pUNR

p (v % + W = T

i the interaction psrameter

N - #BLL IR

with a typical value of 36.2 for B, = 6 T. Here, we assume
that N'» |, 50 that the transport of azimuthal momentum by
the secondary flow is neglected. With this assumption, the
primary flow is decoupled from the secondary flow and we
can determine & independent of v and w. Once ¥ is known, v
and w can be determined, where the centrifugal body force

- pu*R ', iaaknown driving force for the secondary flow
and § is a unit vector, Here, we only present solutions for the
primary flow.

The assumption N3 | is probably reasonably accurite
for B, = 6T, but would not be sppropriate for machines
with weaker magnetic fickds. In a future paper, we will pres-
cnt numerical results for arbitrary N, with full coupling
between the primary and secondary flows. The presemt
large-N analytical solutions and the future arbitrary-N nu-
merical solutions are complementary. The analytical solu-
tions are sufficiently simpsle (0 treat a wide variety of operat-
ing conditions und gain phiysical insights into the flow
phenomena. The numencal solutions, using the approsch of
Langlois and Walker,* are more accurate, particularly for
weanker magnetic fickds, but require sufficient zomputer tim,
such that only o few important cases can be treated thor-
bughly.

Since here we only consider the primary Row, the azi-
muthal magnetic fickl B, plays no role in the solution, The
viectnie currents do interact with 8, to produce pressure
variations which influence the free-surface locations, but
these effects ure part of the secondury flow problem. Here we
take the free-surfuce locations as known,

The Hartmann number

M - Bl(al)'

has u typical value of 36.3 for B, - 6 T, The characteristic
ratio of the clectromugnetic body force, acting on the pri-
mury flow, (5 the viscous force is M °. For M» 1, the liquid-
metal region can be divided into the subregions shown in
Fig. 2 for axiul free surfaces aligned with the rotor tip, i.c.. for
J1(2) = f;(2) = ). Here CI-C3 ure the ‘nviscid core regions,
HI-HR arc the Hartmann layers with O(M ') thickness
which separate the core regions from solid or free surfaces,
and Fl1 and F2 are the interior or free shear layers with
O(M '?) thickness which lie along the two magnetic field
lines through the corners where the perfectly conducting ro-
tor tip meets the electrically insulating free surface. Asymp-
totic treatments of fully developed liquid-metal magnetohy-
drodynamic (MHD) duct flows for M>1 have been

1]
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proented in a number of papers published during the 1960°s
amd were tharoughly resiewed by Hunt and Sherchff.' The
present paper applies this well-cstablished spprosch to a
novel problem of technologial importance.

The solution for the geometry shown in Fig. 2 for W) |
and O« Farctan(a) — 72° is presented in Sec. L1 This solu.
tion for these specal free-surface locations illustrates all the
imporiant clements of a large- W asympiotic solution. In Sec.
111, we show that the large-M asymptotic analysis is not ap-
propeiate for ncarly axial magnetic fiekds and we present a
scparate, arbitrary-M solution for the axial magnetic field
cascll P In See. 1V, we extend the analysis to other free-
sutface locations, /, -« L and fy > L, with M 1 and 6 < 90". In
Scc. V, we extend the analysss further to include the cases

where the sides of the rotor at 2= - dorthes  the
Matorut 2 - ¢ (@ & &) arc covered with thin & €an
clectrical insulator. Since M V3 = 0.17for B, = 0ot

particularly small and becomes larger for weaker fickds, the
large-M solutions presented here are only valid foe very
strong magnetic fickds, A future paper will present numen-
cal solutions for arbitrary N and M.

Il. AXIAL FREE SURFACES AT THE ROTOR TIP WITH A
SKEWED MAGNETIC FIELD

Here we present the asymptotic solution for My | for
0-.0- arctun{a) and £, = f3 = 1. It is convenient to use a
different set of Cuartesian coordinates (x,9,£) which have
been rotated by an angle § about the x axis, so that the » axis
1s parallel to the resultant of the radial and axial magnetic
ficld components, asshown in Fig. 2. The dimensionless gov-
eemng equabions for the pnmary flow are

.M (%7,2 f{;:'i) (1a)
Iy - :;'i;— (1b)
L= —%’F"- (1c)
‘%’;+%§-=o. (1d)

where u is the azimuthal velocity component normalized by
U,j, andj; are two components of the electric current den-
sity normalized by cUB,, and ¢ is the deviation of the elec-
tric potential function from its value in the perfectly con-
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ducting stator normalized by UB,L. Equation (1a) is the
atimuthal component of the momentum equation for axi-
symmetric flow, with negligible azimuthal momentum
transport by the secondary flow; Eqs. (1b) and (1c) are the
7 and £ components of Ohm's law; and Eq. (1d) is the con-
servation of current equation.

Since & is the dimensionless deviation from the electric
potential in the stator, the boundary conditions at all three
stator surfaces are

u=0, (22)

¢ =0 (2b)
Since the rotor 15 a perfect conductor moving through a mag-
netic Ackd, the boundary conditions at the rotor face are

TE RN (Ja)

é=dytanll + - W), (M)
where 4, is the dimensionless potential at the center of the
rotor face, ic.aty =1, 2=0,0rp =cos 8, £ = ~siné.
The dimensional voltage diffcrence between the rotor and
stator at their midplane 2 = 0, is 4, UBL. We assume that
the cover gas is an electrical insulator with negligible shear
stresses, 39 that the boundary conditions at both free sur-
faces are

du

M oa,

(4a)

J, =0. (4b)

In the three core regions C1-C), all derivatives are
O(1), so that the solution of Egs. (1) is

jﬁ = 0' (5!)
‘l = *& - ’”'ﬁ' (Sb}
u, n-‘z‘—'-. (3¢)

neglecting O(M %) terms. Here, ¥, (£) and /. (£) areinte-
gration functions which are determined by maiching the
Hartmann layer solutions. The Hartmann layers sdjacent to
the stator or rotor surfaces satisfy the boundary conditions
(2a) and {3a) and match any core velocity, The Hartmann
layer structure that accommodates a jump in the O(1) u
leadstoan O(M ') jump in the electric potential across the
layer for any perfectly conducting wall whose surface is not
perpendicular or parallel to the magnetic ficld vector. Since
themaximumjumpindisO(M '), theconditions (2b) and
(3b) can be applied directly to the O(1) core solutions. For
the Hartmann layers adjacent to the two froe surfaces, the
O(1) u is continuous through the layer. The boundary layer
structure develops if the O(1) value of du/dy in the core is
not zcro at y = 1. This structure involves a jump in the
O(M ') velocity and the O(M ~?) normal electric current
density j,. Therefore, the boundary condition (4b) can be
applied to the O(1) and O(M ') variables in the core re-
gions Cl and C3.

For the core regions C1 and C3, the solution (5) that
satisfies the Hartmann layer jump conditions is

j{r =0, (6.)
jm- =0, (6b)
Talmage of &/. 1270




é, =0 (6c)
v, =0, (6d)
neglecting O(M ~?) terms. The boundary condition (2b) is
applied tothe O(1) and O(M ') potentials ¢ because there
is no jump in U, O(1) » across any of the stator Harimann

layers H4, HS, HY, and H8. In the core C2, the 0(1) vari-
ables are

j*: = —M". (7"
é,y = (ycos &= £ain )V, (™)
¥y = ncos @~ sin HY 4 {), (%)

where the rotor-surface potential W({) is defined by Eq.
(3b). The O(M ~ ') varishlex in core C2 sre casily obtained
by matching the jump conwitions (or the Hartmann layers
H2 and H6, but these variables are not presented here be-
cause they represent minor zorrections. The core solut:on
(7) holds in the region defined by

Ocy=Swnbesechd, for jf rsinflehensd.

The core regions Cl and CJ are stagnant, current-free
regions. The core C2 involves an O 1) current density which
is paraliel to the magnetic fickd snd equal to the kical poten-
tal difference between the stator and rotor W(£) diewied by
the distance between the stator umd rotor along a magnetic
field line sec 6. The Aint term in the veloanty solution (7¢)
represents lincar Couctie fow and the socomd term s an
additional velocity associated with the current fow. This
additional velocity is independent of %, lincar in £, decreases
lincarly as 4, is ‘nereased, and vanishes for a purcly radhal
magnctic Aeld 0 = 0. We discuss the core solutions further
after we present the free shear layer solutions.

The core solutions (6¢) and (7b) indicate that cach free
shear layer must accommaodate a jump in the O( 1) potential
¢. The magnitude of this jump increases lincarly from zcro st
thestatorto ¢, m g, ~bcos O ur éy =&, + beon U at the
rotor comer for the free shear layer Fl or F2, respectively.
Withan O(1) potential ¢, Eq. (1) implies thatj, is O(1) as
well. Since /3¢ = O(M ''*) inside a lree shear layer, Eq.
(1d) implies that j; is O(M '), Equation (1c) then im-
plies that v is very large, namely O(M '72), The first and Jast
terms in Eq. (1a) now halance, which is why the free shear
layer thickness is O(M  '/2). We consider only F) because
its solution reduces 1o a universal solution which applies for
layer F2 and any similar free shear layer.

For the free shear luyer F, we rescale ihe dependent
and independent variables by substituting

$=d (1) + OM '), (8a)
w=M"¢A "y, (18) + O(1), (8b)
Jy =04 Y1) + O(M - 1Y), (%)
Jo=M"""$& (1) + OM ), (8d)
t=(n+bsin0 +tanfsin 6)A ", (8¢)
$=M" (¢ 45in@ +bcos @) '3, (80

where A = sec @is the length of the free shear layer from the
stator to the rotor corner. The coordinate ¢ is a Jocal rescal-
ing of the  coordinate, so that = Oat the statorand £ = 1 at
the rotor corner. The coordinate { is the stretched local ¢
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coordinate, 30 that the free shear layer solution matches the
C1 or C2 core solution as {— —~ e Or { ~ o, respectively.
With the factors involving ¢, and A in Eqs. (8), the free
shear layer varisbles ¢, ¥y, /.y, 80d ;- are universal func-
tions of the rescaled coordinates (1) and are completely
irdependent of the parameters éy. 8, 4, and b, With the sub-
stitutions (8), the leading terms in Eqs. (1) become

1A
Jo = -‘-&}-,.'-. (%)
Jui - %‘" » (”)
)
u’;! I:' . (*)
24, 2,
3’ o;a (%)

There are Hartmann layers with O(W ') thickness
which separatc the free shear layer from the stator, rotor,
and free surface. The jump in & across the Hartmann layers
adjacent 10 the stator and rotorissgain (M '), so that the
boundary conditions (2b) and (3b) can be applied to the
O(1) free shear layer é. The jump in j, across the frecsur.
face Hartmann layeris O(MW "2, 5o that the boundary eon.
dition (4b) can be applied t¢/ the O( 1) free shear Jayer cur-
rent densaty. These conditions become

-0, atr-0, for - wefem, (10u)

d -1 str=1 for 0efe e, (10b)

%ﬁ-o. atrel, for — o <¢f<O (1)
Matching the core solutions {6¢) and (Tb) gives

*' "O. | 1 ;" -0, ‘l'u)

) <t as T, (11b)

Once we find the solution 4, that satisfies Eq. (9d) and the
conditions (10) and (11), the other variables are given by
Egs. (9a)-(9¢).

The separation of variables solution of Eq. (9d) for
-« &0, which satisfics conditions (10a), (10¢), and
(11a), 08

d T sinQeal e (A, costa)
~m "

t B,oanfa L)) for- . L0, (12)
where

a, - N2m ¢ =]
The corresponding scparation of variables solution for
0u¢ < w, which satisfies conditions (10a), (10b), and
(11b),is

é =1+ i| sin{nmt)2 "“[C,, cos(f3,8)

+ D, sin(B,£)}, for 0<{ < w, (1)
where

ﬁ. = qn’) lll.

The constants 4., B, C,, and D, are determined by
the four conditions that é,. and its first three derivatives with
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respect to £ are continuous at £ = 0. The governing equation
(94) then cnsures that all derivatives with respect 1o § are
continuous at § = 0. Since the Fourier series in the solutions
(12) and (13) are not orthogonal 1o cach other, we truncate
both sericx and define a residual from the conditions at
¢=0:

1y i, g 3
E- [ 3 (-‘%!- 10 ) - Lo 0 )) di,
where the truncated solutions (12) and (13) are used w
compute valuesat$ 0 andat$ - 07, respectively. This
residual is minnnized with respect 10 the constants A, 8.,
C,.and D, and this mmmmnzation gives a set of simulta-
neous, hinear, algebraic equations for these constants. These
cquations are solved with Gauss elinunation and the truncat-
od series (12) and (135 are used  compute the other free
shear layer vanables from Eqy (9a¥~(%).
The profiles of 1, ats - 0.2,04, 0.6, 0.8, 0.94, and 1.0
are presented in Fig. 3. AL 1= 10, (i) v, <0 for
-6 e - 29, (i) u, increases rapidly from zcro at
$= - 29W00.7at - 0, and (iii) w, has a discontinuity at
&= 0 after which u, - 0for £+ 0. For § < = 0.1, the pro-
files at £ = 0.94 and 1.0 are very close. However, the discon-
tinuity at § - 0 for £ = L0 is replaced by a rapwd decrease
between$ - - 0.0 and $ - 0.9 for = 0.94. ALt = 0.94, vy
«0for0.9« {2 Ast deereases from 0.94, the peak veloe-
ity decreases 10 0423 a1 $ - 0. 44 for (= 0.8, 16 0.278 at
= -050rr=06100174 a1 {m ~0.5) for 1204,
and 10 0.084 at & ~ - 0.56 for £ = 0.2, In addition, the ve-
Inenty profiles spread out as ¢ decreases. Equation (9¢) and
canditions {11) shaw that

j u dg 1

wo that the Row carned by each of the profiles i Fig. 3 is
propastivnal ot

Walker er al™” treat a similar free thear layer with the
prosent free surface replaced by a solid electrical insulator.
Thar boundary value problem s the same a8 the present

FIG. } Freeshear layer velocity &, at 1 = 0.2,0.4,0.6.0.8,0.94, and 1.0.
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problem (9)-(11) except that the free-surface condition
(10c) is replaced by

v } 0
%i%. atr=1 for ~wcl<0, (14)

which is the Hartmann layer matching condition at the solid
insulator. This difference precludes the use of the present
separation of variables solutions. With a solid insulator, a
Fouricy transform ceduces The problem (0 an integral equa-
tion which must be solved numerically.” In spite of the fact
that the problem with asohid insulator requires a much more
comples solution technique, the results for the velogitt pro-
files undd the other variables are very similar 10 the present
results.

The solution in the free shear layer F2 in terms of the
sauie universal functions uy, é) . fop and jop i

é =4, (1) + O™ VY, (184)
we= =~ M4 Vi, ) 00), (15b)
Jo 8 Y,y w0 MY, (15¢)
L= -M VA N0 0 ), (18d)
t=(p+sinfand-bsinthd ', (15¢)
S ~MVUE ksin0=beos)Ad 7. (130

Here, the potential jump across the free shear layer increases
lincarly from zero at the S1at0r 10 @y = é,, - A ¢on 6 at the
rotor corner, while 4 ~ sec G is the length of the layer from
the stator 10 the rotor.

For no net clectric current between the stator and rotor,
=0, 4, = = hcos 8, und é,m bcos 6. The solutions
(8b) and (15b) indicate that the free shear layers are identi-
cal jets in the - x direction for this case. The rotor tip and
liquid metal in the free shear layers are going in opposite
azimuthal directions. The velocity at the free surface very
ncar  each  rotor coner 8 approximately

= 0.7M '2b(c0s 0) ', As &, is increased (rom zero to drive
a net current from the rotor (o the stator, the free shear layer
F2 hecomes a stronger jet in the - x direction, while layer
F1 decreascs in strength 10 zero flow at ¢, = bcos 0. For
é,> b cos A, layer F1 becomes a jet in the + x direction. As
é, is decreased from zero 10 drive a net current from the
stator 10 rotor, the above description of layer F1 applies to
Jayer F2 and vice vena.

For core C2, the net dimensionless electric current from
the rotor to the stator, per unit Ax, 18

2. heon 0, (16)

Equation (16) is multiphed by 270 UB, LR 10 obtain the net
dimensional current from the rotor 10 the stator. As 0 in-
creases from z¢ro, the electrical resistance of the liquid-met-
al region increases us sec® 0: This is because the length of the
current lines increases us sec 6, while the area perpendicular
to the current direction decreases as cos 0. The core regions
C1 and C3 carry no current. The two free shear layers allow
a small additiona) current to flow between the stator and
rotor because clectric current lines are allowed to fringe an
O(M ') distancebeyond thelines§ = —sin @ 4 dcos 6.
However, the ratio of this additional free shear layer current
tothe C2corecurrentiscomparableto M ~'13b = '(sec 8)*/2.
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This ratio is quite small, eaczpt as 8 spproaches 907, which is
the case treated in Sec. 111, While the currest-line fringing
inside the (rec shear layers does not significantly increasc the
net current, it does produce n small (M ''¥) ehectric cur-
rent component perpendicular to the magnetic field. The
electromagnetic body foarce duc to this small f; drives the jets
with O(M ''?) u inside the free shear layers.

Herewepraentthe O ) and OLM ' ") dimcasionlens
power kisses due to Joulean heating amd viscous disapation,
per unit Ax. Total dimensional power lonses are shaned hy
multiplyingcach resulthy 22 R U7 Theonly O(M 7 ) dimea-
sionless powér loasas the Joulean heaung i thecore €2 Thin
loss is given by the integral of the square of solution (7a)
over the core region and the result i

IMiecs té;  &)) 17

The O(M '/} contibutions 1o the power Josves ate (1) the
viscous dissipation eluc to the large gradient of the large ve-
loz..y in each free shear Jayer amd (i) the Joulean heating
ductathe fnnging af th+ O1 1) clectric current densiy inskle
the free shear layers. Wath the solutions (8) and (15). thee
power losses are piven by cocfficients ek mtegraly of
(e /38) and g3, over the region 0- 0 1, 2+ & =,
Since these universal functions arc independent of all param.
elers, these integralk give sums of the known cocfficrents in
the separation of vaziables wolutions (12) amd (1) Thew
sums give Specific numencal values which apply to all sumi-
lar free shear layers. The results foi the dimensionless sie
cous dissipation and Joulean heaung are

0.MEA

04078 ' 2872 7,
respectively, whered, &, ard o layer - or |2
M. AXIAL MAGNETIC FIELD

Thesolutonsin See Happly forl): U urctan tay 7Y
fora = 3. Forapurcly axial magnet ficld, ¢ WX, 8,
and B, - B, andd we use the onginal £x.5.31 Cartovan co.
ordinates shown an Fig 2 With the sane nomtimcasionabs
zation, Eqs. (1) are replaced by

{18}
(1%h)

O
b= - “’:— (19%h)
5 - %f u, (%)
%+%!0. (194)

The flow is now symmetnc ubout thez U plane, so that we
need only solve Egs. (19) for 0- y- 1und 0 = ¢ 4 b. The
boundary conditions are

=0 aty=0, (20a)
=0 aty=0, (200}
du
—=0, atz=0, (20¢)
oz
o¢
—=0, at z=0, (20d)
oz
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=0, atzmatd, (20e)
‘r-.o. a2t b, (m
wel, aty=1, for Oczebh, (20g)
d=dp wy=sl, for Onzeh, (20105
%;—ao. wy=1l, for bezia+b, (208)
Jo -0, stp-1, for be2a kb (20)

Since the magnetic fickd 1< now puralicl to the mtor surface,
thes surfisce is 5t 2 single dimensionless electric potential 4,
In the asymptotic solution for My |, u ~ é =/, = /,
Otoall orders in M, except in 1 thin boundary layer which
has an O(M 177} thickness and is adjscent 10 the free and
rotor surfaces at y = 1. Al the electexs current from the sta-
tor 10 the rotor flows axially inside this laycr near the free
susfaces andd entens the rtor near thecorners. Theazimuthal
velooty a1 OLM ' °) inside this layer. In ather words, a8
4 -9, the two free shear layers from the rotor corners
merge (o hecome a frecaurface, rotor-face houndary layer;
the current-carrying core C2 disappears; and the stagnant,
currentfree core CY eapands 1o All most of the liquid-metal
regron. However, the large- W asympiotic solution is not ap-
propriaie for an asal of nearly axial magnctic fickd in homo-
petar devees.

Pigure X shaws that the jeis in the froe shear layen are
wiifined o X 21, s that By (8) indicates that the
free shear layer thkknea s 44 ' °M 17 Fur - arcuan (a),
the length of cach free shear Jayeris & - vec @ The ratio of
the frecshear layer thickness to the 8¢ ~ 2b ¢os Qofcore C2

n
e )M Ph N

The Jarge-W aymplotic analyms o appropeiate for
0 o arctan (@) as Jong as the above ratio s small: For
A8 M Y6, and b 10, the ratn s 0.086, For the
amal fickl case, 4 becomes theentire kength ol the Ot M ')
theknow layer adpcent oy - Losothatd  2a 1 8) As-
sunng 3 s bl 4, the ratio of the Ay of this layer (o the
chire &y I

2 s bIM )Y,

this ra00 must be small for the lurge- M asympiotic solution
to be valid for the axial fickd case: Fora 3, 5 - 10, and
M 6.3 ths ratio s 119, Therefore, viscous effails are
sigmificant everywhere aidd we must treat M oas an O(1) pa-
fameter

We mtraduce the clectne current  streamfunction
hiy.z), which s defined by

»h
M 21
LM 0 (21a)
ALY 21b
J; % (21b)

Sincej, und j, are even and odd functions of z, respectively, A
is an odd function of 2. We climinate ¢ from Eqs. (19b) and
{19¢), so that Egs. (19) become

d'uw  J'u oh

——t e M — =0,

X + P + Fa (22a)
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(222)

(20i) on u still apply, but the conditions (20h), (20d),

(200), (20h), and (20) on ¢ are replaced by
M
—_—=0, aty=0, (22a)
& y
A=0, at 2=0, (2W)
-?i-(). al2sakd, (23¢c)
ac
o e
:”—BO. st y=1, for O<zsb, (23d)
hsh, styml, for bazqa+b (2de)

The constant A, is proportional 1o the total dimensional elec.
tric current from the stator to the rotor, which is

dxh M 'oUBRL m 4xh,UR(on)'".

Once the solutions for ¥ 2nd A are known, we introduce them
into Eq. (19¢) and integrate with respect to y to obisin
$(y2) and ¢y

Equations (22) and the boundary conditions (20w),
(20c). (20c), snd (23a)~(23c), exceptaty = |, are satisfied
by the separation of variables solutions

“nt)

m o~ i c“(Ja!) GQFH "'”u (’In +%F)¢)] ’

A i., sin(8,2) [a.r.. +H, (r,. - r,)] (24b)

where G, and M, are arbitrary constants and
8. = (24 1)x/2(a + b), (24¢)
m, = (2)- lns‘ [(l + M’&. ?)lll + ”m. (2“)
m, = (z) 1115.“! 4 N’&, I)IR - l]'", (2“)

F,, = sinh(m,y)sin(m,y), (240
£y, = cosh(m,y)sin(m,y), (24g)
F., - sinh(m,y)cos{m,y), (24h)
F.. - cosh(m,y)cos(m,y). (24i)

The constants G, and H,, are determined by the remaining
boundary conditions (20g), (20i), (23d), and (23e) at
» = 1. Wetruncate the series and define a residual

£x [ o0+ (5) e
A (6 R ECY

where the integrands are given by the series (24) evaluated
at y == 1. When the residual (25) is minimized with respect
to the constants G, and H,,, it gives a set of simultancous,
linear, algebraic equations for these constants. These equa-
tions are solved using Gauss elimination.

Some typical results for @ =3, b = 10, A/ = 40, and
ho = -+ 10are presented in Fig. 4. The y scale is streiched by
a frotor of S relative to the z scale. Figures 4(a) aad 4(c)
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FIG. 4. Electric corrent kines A m const snd velocity magnitude lines
= comt for an sxial magnctic feld with @ = 3, b= 10, snd M = 44, (a)
Currest knes for A, = 10, (b) velocity megaitudes for A, = 10, (¢}, Temt
Reves for A, » = 10, and (d) velocity magnitudes for A, » =~ 10.

show that electric current prefers to flow axially along the
magnetic field lines near the free surface, rather than flow
across the field lines in the central part of the radial gap. For
Ay = 100r — 10, 78% or 60% of the total cusrrent leaves or
enters the stator side at 2 = a + b, rather than the azial sur-
face at y = 0. For current from the stator to the rotor, Fig.
4(b) shows that the maximum velocity is ¥ = 3.13 near the
rotor corner. For current from the rotor to the stator, Fig.
4(d) shows that the minimum velocity at the frec surface is
¥ = — 1.4 near the rotor corer, but the minimum velocity
isu= —2neary=0.5 for 0<z<6.

In a homopolar device, there arc two groups of rotors or
disks which are separated axially along the shaft. Each disk
in one group is electrically connected along the shaft with
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one disk in the other group. Electric current flows radially
inward inside all the disks in onc group and radially outward
inside all the disks in the other group. The magnet coils cre-
ate axial magnetic fickds in opposite directions for the two
groups of disks. Therefore, the clectromagnetic body force is
in the same azimuthal direction in all the disks in both
groups. The analysis here assumex that the disk’s angular
velocity veztor and the axial magnetic Beld +¢ in the same
direction, i.c., that U= (IR >0 and 8, » 0. For the present
solution, if we replace B, ~ B, with B, ~ - 8, amnd we re-
place A by — A, then the velocities arc exactly the same. In
addition, the clectric currents are exactly the sume, bt arein
the opposite direction. The results for A, > 0 apply for cur-
rent from the stator 10 the rotor for 8, > 0 and for current
from the rotor 10 the stator for B, « 0 and vice versa for
Ay « 0. Therefore, A, - 0 corresponds to all liquid-mctal cur-
rent collectors in a homopolar motar. In a motor, the clee-
tromagnetic body force in the desks and lguid metal is in the
direction of rotation, o that v isincreased 1o u » 1, axshown
in Fig. 4(b). On the other hamd, A, . 0 corresponds to all
eurrent collectons in a homopolar generator. In u gencrator,
the anmuthal electromagnetic body foree in the disks and
liquid metal is in the opposite azimuthai direction from the
ditk rotation, so that ¥ 13 decreased 1o v +- ), a8 shown in Fig.
4(d).

The value of &, 15 4 hincar function of A, For examnle,
fora-3b  WandM 10,

by~ - 0.456-0.082 43A,,

The tot1al Joulean heating and viscous dissipation are para.
bolic funcuions of A, For example, for ¢ - 3, b - 10, and
M - 10, the dimensionless total Joulean heating and viscous
dissipation are

2236 § 0.954h, v D.2XOA S,
21,65 0984k, ¥ LA,

respectively. Total dimensional power lonses arc obtained by
muluplying cach result by 2zRu U

IV. GENERAL FREE-SURFACE LOCATIONS AND A
STRONG, SKEWED MAGNETIC FIELD

Here we present the extension of the large-M asym:ptotic
analysis for a skewed magnetic fickd to general free-surface
locationsaty = fi(z) for —a  A«ze - bandauty - fil2)
for bz + b, s shown in Fig. 5. The solution (6) stll
applies in core regions C1 and C3. The electric potential of
all rotor surfaces is W(£) = ¢, + sin 0 + £, Incore C2, the
solution in the radial gap is still given by the results (7) for
€ +sin@j<cbcosf. For ~bcorfi~fl—b)sinb<§
< —bcosf—sinb, 4, is a lincar function of 3, which
eyuals zero at the stator and W(£) at the rotor, while j, and
u, ure given by Lgs. (1b) and (5c), respectively. There is a
weak free shear layer at £ = —sin @ — b cos 6 along the
magnetic field line thrcugh the corner at y=1, 2= —b.
The electric potential is continuous across this layer, but u,
is discontinuous between the two parts of core C2. The free
shear layer structure that matches this jump in u, involves
only an O(1) velocity, so that it is a much weaker layer than
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FIG S Sobvcgions of the ligund metal for M 3 and generit froesutflace
kxations The Hattmann layers amd 2 weab free shear layer at
{ vt oo Hate it \kran

layers F1 and F2, which involve an O(M ''°) velocity. In
core C4,

b -W - N S o -0,

neglecting O(M °) terms.

‘Thesolution in the freeshear layer 1 is given hy expres.
sons (8) .2 termy of the same universal functions d, o, o f o4 o
and 5 ,, but row 4 is the free shear layer length from the
stator to the point where the free surface and rotor side meet
Ay S bz= - bowhie

$ by sin0[l S W]

is W at this point.

For the free shear layer F2, we again rescale the depen-
dent and independent variables by imtroducing expressions
(15) with & - sec & and ¢, ~ ¢, + b cos 8. Hewvever, the
functions é,, 4, f,s . and ji, are not the same functions as
before; thus we add the subsenpt 2 to denote these new furic-
tions. These rescaled variubles are functions of (1.£) for
Oxtnn, = o << oo, where x equals the length of the free
shear layer F2 from the stator 10 the free surface divided by
see 0. The functionS &, y, ¥y3, /0 20 30d jgpey depend on one
parameter &, so that they are no longer universal functions.
Thereisaslotin the domain at 1 = 1 for 0« ¢ o respesent-
ing the two surfaces o “he rotor, so that the variables need
not be continuous at ¢ ~ | for £,20. Equations (9) and the
boundary conditions (10a), (10b), and (11a) still apply.
The condition (10b) applies for both sides of the slet at
t 1. The free-surface condition (10¢) becomes

(26)

bem 0

——-‘7{;” -0, att=x, for - o <{<m, (27)
[/
while matching core regions C2 and C4 gives
"\2 "". as ;" o0, fOf 0\'('. (28.)
$r2—1, as {—e0, for Ixign. (28b)

The scparation of variables solution (12) applies for
~ oo <$=0and 0< 15k, with a,, replaced by

a,, = [(2m + 1)z/4x)'",
The separation of variables solution (13) applies for

0<$ < 0 and 0<r<). For 0<{ < o and 1<I<k, we intro-
duce
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bpym 1 i sin[2ri(r - M))e ¥
A0

X [Py con(yaf) + Q, sin(ri3 ), (29

where
re - [k & Dasder - D]V

Thecocfficients 4., B,,, C.. D, P,.and @, are determined
by mimmuzing the same residual £ used in Sec. i1, cacept
that the hmus of integration are from ¢ < Qto £ - .

Specific results for this new one-parameter free shear
jayer are not presented here. For On s 1, the vekocity profiles
arc very similar to those wn Fig. Y. Asi increases from 1, the
vekocity profiles spread out and the peak velocity decreases,
but with the constraint that

*
f . cad 1 for all s
-

As the Jeft free surface rises from y = L toy = f1(2), the
free shear layer FI simply follows the point y = £,( = ),
2 - = b and the free-surface velocity is still zero, except
near the rotor side. The only changes in the free shear layer
Fl anses from changes in 4 and ¢,. Some additional current
flows between the stator and rotor through the new part of
core CL As the right free surface rises from yr= 1 to
¥ = £i(2), 2 new core C4 with ¥ = | develops and the free
shear layer F2 intersects the free surfuce, The free-surface
velocity is 1 from the rotor side t the free shear layer,

4 O(M"''?) inside the free shear layer, and zero from the
free shear layer 10 the stator side. The volume flux per unit
A7 in the free Shear layer F2 increases lineatly from 2evo at
the stator t0 a value at the rotor comner and then keeps that
constant value from the rotor corner 10 the free surface.

V.INSULATING LAYERS ON THE SIDES OF THE ROTOR
OR STATOR

Here we present the extension of the analysis of Sec, IV
to devices with thin layers of electrical insulators on the sides
of the rotor at 2= 4 b or on the sider of the stator at
2 ¥ (4 + b). The thickness of the electrical insulators is
assumed to be much smaller than M ~'/3, 5o that they are
thinner than the free shear Layers.

The subregions of the liquid metal for insulators on the
sides of the rotor are shown in Fig. 6. The solution (6),
neglecting OCM ) terms, again hokds in core regions C|
and CY. The Hartmann layer adjacent to the insulator at
2 b must match the jJumpan u from zeroin core Cl to |
at the rotor surfuce. This Hartmann layer involves an O(1)
current density j, and the circuit for this current must be
compieted  through a  free  shear layer at

= — bceos O ~ fi{ — b)sin 0, i.c., along the magnetic field
line thraugh the point where the free surface and insulator
meer This implies an O(M ') current density j, inside
this iree shear layer, which in turr implies an O(1) fluid
velocity u. Thus this free shear layer is another weak layer
involving only an O(1) velocity.

‘The core region C2 occupies the same region and has the
same solution (7), neglecting O(M ') terms, as in Sec. I1.
In the core C4,
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FIG. & Subregons of the Iiquid nctal for M 1 and thin clectieal insula:
1o on the sideyof the nnerat 2 — 3 & *The Hartmann layers and a wesk
freeshaarlayerat £« beomn B~ f,{ ~ blun Qare shawn,

u =1, $=CiyE~bcowtd +sind j,mj, =0,

neglecting O(M  ?) terms. The constant Cis determined by
matching the feee shear layer F2.

The rescaling (8) and the boundary value problem (9) -
(11) for the free shear layer F1 is the same as that presented
fn Sec. H, except that the free-surface condition (10c) is
replaced by the solid insulator condition (14), Walker et
al™ present the solution for this modified free shear layer:
Although the analysis is much more complex, the results are
surprisingly similar 10 those presented in Fig. 3.

"The boundary value problem for the free shear layer F2
is the same as that presented in Sec. 1V, except that the
boundary condition 2n the top of the slot in the domain be-
comes

My gy

o +0§—,=°. st fm]™, f0f0<c<w (30)
and matching core C4 gives
‘r: "‘C. as ;-‘ ®. rof l<l<x. (3')

‘The change f-om t*1e boundary condition (10b) at 7 == 1" to
condition (30) precludes the relatively simple scparation of
variables solution discussed in Sec. IV, Without solving for
this new layer, we can draw some conclusions about its solu-
tion, Theintegral of w .y from{ = — o 10§ = oo equalsthe
jump in é,, at each value of 1. For 0<r <1, this integral
equals 1, s¢ that the velocity profiles here cannot deviate
significantly “-am those in Fig. 3. With an insulatorat z = b,
thereisnoet. ¢+ potential jump for 1 < 1<, but the jump
here must be independent of ¢, i.e., it must equal C. The jet for
1 <1<« and the associated potential jump C are driven by
continuity of the electric potential ¢, and the electric cur-
rent density j,, = — 3¢,/ att=1for — o <$<0.The
velocity profiles may spread out as f increases from 1, but the
total flow per unit At in each profile must be the same.

The effect of adding an insulating layer on the side of the
rotor at 2= — b is to move the free shear layer F1 from the
magnetic field line through the point y = f,( — b),z= — b
10 the field line through the point y = I, z= — b. The strip
of fluid between hese two lines becomes stagnant and cur-
rent free, except in the Hartmann layer at z= — b. The net
electric current between the stator and rotor is once again
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24,d cos? 6, as in Sec. 11. The only effect of adding the insu-
lating layer at z m b iz slightly alter the velocity profiles
inside the free sheur layer F2.

Increasing the magnitude of /;(2) in Fig. & does not
change anything. However, if /() is increased sufficiently
80 that the free shear fayer F2 intersects the stator rather
than the frec surface, then several changes occur in core C4
and the free shear layer 12 “The CA coresolution withu, = 1
still applies in the triangle formed by the insulator at = - 8,
the free surface at y = /i(2), and the magnctic fickd line
through the point where the free surface and stator meet at
Y fy(a +b8) 2~ a ¢ b There 1s a new core C5 between
this magnetic field line and the frec shear layer F2,i.c., in the
stnp

(a4 b)cos @ = fy(a + b)sin B &b cos § - sin 0.
(2)

In this new core, w, - @, ~j. Ji -0, neglecting
O(M %) terms. There is a weak free shear layer between
cores C4 and CS. This weak layer matches the jump in &,
from zeroin CSto 1 in C4 and completes thecircuit for O(1)
current density /, in the Hartmann layer between the insula.
tor at z = b and core CS. In the houndary value problem for
the free shear layer F2, conditions (27) and (31) are re-
placed by

$r: =0, at-n for - o aelom, (33a)
010, a8 {mee, for f. o (33b)

Again, the velocity profiles for 0: 1 .« | must closely resemble
those presented in Fig. 3, but now the integral of u, from
$= « oo 10§ = a0 mustequal zero for 1« ¢x. The profile
atr= )" consistsof - w, forS~Ound i u, for <0, by
continuity with thesolutionat¢ - 1 . Asrzincreases from 1,
this basic character persists, but the magnitude of the veloc-
ity quickly decreases to vero. Thercfore, for £ » 1, thereis a
double jet with no net flow which is concentrated very near
the rotor corner.

We naw consider the addition of insubating Layers on the
sides of thestatorat 2 = & (@ £ b) to the mtuations shown
in Figs. § und 6, i.c., with insulators only on the stator sides
and on both the statorand rotor sides, respectively. For Figs.
5 and 6 we have assumed that £,C - 8) wsufticiently sinall
such that the mugnetic field line through the point
y=fil = 8), 2« - b intersects the stator at p 0 and
Ji{a + b) is sufficiently small such that the free shear inter-
secls the free surfuce. For these low freessurfice locutions,
the addition of insulators at 2 ¥ (2 1 b) has ubsolutely
no effect on the solutions with or without insulators at
2= +b

If £,0 = &) is increased, so that the magnetic field line
through the point y = /,( - b),z = — bintersects the insu-
lated stator sideatz = — a — b, then a new core C6 occurs
between this magnetic field line and the ficld line through the
cornery=0,z2= —a — b, i.ec, in thestrip

—bcos 8 — f,( — b)sin 0§« — (a + b)cos 0. (34)
The CI1 solution, with u, =0, still applies in the triangle

above &= —~bcos 0 —f,( — b)sin 0.
If the side of the rotor at z = — b is not insulated, then
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ul = l! ‘( = v(g)o j'- E.Sj“ Bo‘ (35)

neglecting O(M ~?) terms, in the new core C6. The free
shear layer F1 lies along the magnetic field line through the
comerat ym 0, z= — a ~ b and the C2 core solution ap-
plies to the right of the free shear layer. The solution of
Walker ¢f al.** applies t0 layer F1. The principal change is
that the potentisl jump across this layer is now zero at the
rotor surfaceat 1 = Land ¢, = &, + sin @ — (a + d)cos Gat
the stator corner at { < 0. The insulating free surface has
moved sbove layer Fl and this layer now stems from the
junction of the insulating snd perfectly conducting stator
walls, Therefore, the velocity profiles closely resemble those
in Fig. 3 with t replaced by (1 =~ 1). Movingin the + ydirec-
tion from the free shear layer F1, u, = | in the new core C6;
u decrenses from | 10 zero inside the weak free shear layer
along the magnctic fick! linc through the point y = £,( ~ b),
2= = biand w, - 0 in core C! 10 the free surfce.

We now conaider the probiem tor a high left free surfuce
withinsulastorsstboths - e bund 2 b. The free
shear ayer F1isin the postion showi tn Fig. 6 and its solu-
tion 1S unchanged by the addition of the inslator at
2 - =u~-bTheClcoresolutionwithy, ~d, -/ =/,

~ 0, neglecting O(M  ?) terms, apphies in the strip between
the lree shear layer F1 and the magnctic fickd line through
the stator corner at y = 0,2 = - ¢ - b. The new core C6
occupices the strp defined by the limits (34) and has a xolu-
tion

v, 05 & ~05[f (et bleost), (36)

withf, - &, = O, ncglecting (M ?) terms. By conserva-
uon ofeurrent, thej, inside the Hartmann layers adjacent to
theinsulatorsatz - - bandatz - @ - b must beequal
and opposite. Since the jump in & across these Hartmann
layers is proportional to these currents, ¥, is (.5 between u
moving and a fixed insulator. In the tnangular core Cl ubove
the magnetic ficld line through the point y = £,( = b),
2 b,
é, = 0.5acos 0 - 0.5/,( - b)sin 0,

withu, =j,. /. O neglectingO(Y  *) terms. Moving
upward from layer 1, w is first zer0; then 0.5; and finally,
2Er0 ugan,

With a high right free surface, the triangular core C4
extends to the stator at 2 = ¢ + b and there is a new core CS
between core C4 and the free layer 12, i.e., in the strip de-
fined by the limits (32). In the cores Cund C4, w, - Oand
1, respectively, with or without insulators on cither side. If
the stator side at 2 = ¢ -+ b is insulated, but the rotor side at
z = b is not insulated, then the solution (35) applies in the
new core CS. Therefore, u, = | throughout the axisl gap
above the free shear layer F2. The only distinction between
cores C4 and C5 is that there is a weak free shear layer be-
tween them which completes the circuit for the j, in the
Hartmann layer between the new core CS and the insulator
at z = a -+ b. The boundary vilue problem for the free shesr
layer F2 is the same as that discussed in Sec. 1V, except that
the boundary condition (27) is replaced by

0 _ 3’$r,

o —5;.-2—-, at r=«x, for —oo<§<oo.(37)
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This change precludes the separation of varisbles solutions
presented in Sec. 1V, but it does not change the fact that the
integral of uy from§ = — oo 10§ = 0 is | forall 1 <1<,
1f both sides at 2= b and 2 = ¢ + b are insulated, then
the solution (36) with ¢, = 0.5 4+ C +sin 8 — b cos Gap-
plies in the new core CS. The constant C is determined by
matching the free shear layer F2. A3 we move up the axial
gap from layer F2, u, first equals 0.5 in core CS and then
equals | in the core C4. The boundary value problem for the
free sherr layer F2 is the same as that discuseed earlier in this
section, cxcept that the boundary condition (33a) is re-
placed by condition (37) and the matching condition (31)
applics. Again, the integral of & from {m — 0 10§ ™=
equals a constant C for all | <1<« where Cis different from
that for an insulated rotor side and a perfectly conducting
stator side and 1s determined by solving the free shear layer

problem.

VI. CONCLUSIONS

‘This paper presents solutions for the primary azimuthal
flow in hquid-metal current collectors for homopolar de-
vices. If the Jocal magnetic field is strong and has both radisl
ard axial components, then an asymptotic analysis for large
Hartmann sumbers is appropriate. The solutions in the in-
viscid core regions are very simple. The solutions for the free
shear layers along magnetic field lines through junctions of
perfect conductors and insulators are either presented here
or discussed. This asymptotic analysis leads to simple ex-
pressions for the net electric current and the power losses
due 10 Joulean heating and viscous dissipation.

For a nearly axial magnetic ficld, the asymptotic analy-
sis is not appropriate. Arbitrary Hartmann number solu-
tions are presented for an axial magnetic field and axial free
surfaces aligned with the rotcr face at y = 1. This analysis
can be extended to other axial free surfaces at y =/,

= f; = const. One separation of variables solution is used
for Oy« =2 1, 0<z<b and satisfles the boundary conditions
aty = 0,y =1, and z = 0. A second separation of variables
solution applies for 0<y</;, d<z<a -+ b and satisfies the
boundury conditionsaty =0, y = f;, and 2 = a + b, The re-
sidual is formed from the boundary conditions at z = b for
1<y = f; and the continuity of w, du/Jz, A, and ok /dz at
z = b for 0<y< 1. This method works for problems without
any insulating layers or with insulating layers on the stator
sides, or rotor sides, or botli. This method can be extended to
different free-surface locations, where /| and /; are different
constants. The symmetry about 2= 0 is then lost and the
number of coefficients in the separation of variables solu-
tions is doubled.
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A typical value of the Reynolds number for the primary
flow, Re s pUL /p, is 12000. At present, it is uncertain
whether this flow is laminar or turbulent. An ordinary
Couette flow with this Reynolds number would probably be
turbulent. However, a strong magnetic field suppresses tur-
bulence and increases the value of the critical Reynolds
number. This magnetic suppression of turbulence depends
on the electrical characteristics of the walls and is strongest
with highly conducting walls which allow current circuls-
tions which damp the turbulent eddies. In addition, the gap
is very small, so that wall damping is strong. These consider-
ations would indicate that the flow is laminar. On the other
hand, MHD effects lead to liquid-metal velocities which
may be as large a5 S U or may be negative, so that Re based on
Uand L may underestimate the largest velocity gradient in
the flow. The velocity profile depends on the amount of elec-
tric current between the stator and rotor, so that the flow
may be laminar for one current and turbulent for another.
The laminarization of a tusbulent flow by a strong magnetic
ficld has been studied experimentally for flows in circular
pipes and rectangular ducts, but these results may not apply
for the present Couette flows in a very small gap with strong
clectromagnetic pumping; there is clearly a need for appro-
priate experiments.
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